December 7, 1998 Math 252 Russell La Puma

Some Tips on Parametrizing Surfaces

1. For surfaces of the form z = g(x,y) [or x=gy,z) or y=gx,z)], take the parameters to be
equal to the independent variables, so r(x,y) = (x,y,g(x,y)),

NdS = (r, xr,)dxdy =(-g,.~g,1)dxdy. and dS = [, xry”dxdy = Je v +lddy.
Example 1:Parametrize the graph of z=x" —y*>,0=x<2,0=y=3.

Take r(x,y) ={xyx* —y*). Thenr, xr, = (~2x,2,1) and dS = ‘/4x2 + 4y +1dxdy.

2. For surfaces of revolution x* + y’> = gz)’ let u =8, and v = z be the parameters, so that

r(u,v) =(g(v)cosu,g(v)sinu,v>, I, Xr, = g(v)(cosu,sinu,—g’(v)), das = (g(v)‘ll + g’(v)2 dudv.

Example 2: Parametrize the cone x° +y° =4z°,0=z<3.

Here gz) =2z. Take r(u,v) =(2vcosu,2v sin u,v), O=su=2n0=<v=<3 Then
r, xr, = 2v{cosu,sinu,~2) and dS = 25 vdudy.

3. For surfaces of revolution written in cylindrical coordinates as z = gr), let u=r and v=0 be

the parameters, so r(u,v) =(u COSV,u sSin v,g(u)), I, XTI, = u(—g’(u)cosv,—g’(u)sin v,l),
ds = u‘/ g’(u)2 +1dudy.

Example 3: Parametrize the paraboloid z = X+ yz, 0<z=<4.

The paraboloid has the form z = rz, so gr)= r’. Take r(u,v) = (u cosv,u sin v,u2>,

O<u=<2,0sv=2nThenr xr, = u(—2ucosv,—2u sinv,l), dS = u4u® +1dudy.
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4. To parametrize a sphere x~ + y~ + z~ = a", borrow from spherical coordinates and let u = ¢,
v=0.Letr(u,v) = (a sin u cosv,a sin u sin v,a cos u) . Then

2 . . . . 2 .
I, Xr, =a sin u(sm 1 COSV,sin i Sin v,cosu) ,and dS=a” sinududv.
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Example 4: Parametrize the sphere x~ + y~ + z° =16.

Take r(u,v) = (4 sinu cosv,4 sinu sinv 4 cosu), O<sus=m,0=<v=<2mn Then

r, xr, =16sin u(sinucosv,sinusin v,cosu), dS =16sinududy.



